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ABSTRACT 


Here in this paper, a new class of closed set called rgra-closed set is defined and obtained few of its characteristics. 
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1. INTRODUCTION: 

N.Levine[11] introduced generalized closed sets in general topology as a 
generalization of closed sets anda class of topological spaces called T,, -spaces. 
Regular open and regular a-open sets have been introduced and investigated by 
Stone [22], A. Vadivel and K. Vairamanickam [23] respectively. Many 
researchers like Balachandran, Sundaram and Maki [4], Bhattacharyya and 
Lahiri [5], Arockiarani [2], Dunham [8], Gnanambal [9], Malghan [14], 
Palaniapan and Rao [19], Park [20], Arya and Gupta [3] and Devi [7], wali et al 
[24] have worked on generalized closed sets, their generalizations and related 
concepts in general topology. In this paper, we define and study the properties of 
regular generalized regular a-closed sets (briefly rgra-closed). Moreover, in this 
paper we define rgro-open sets and obtained some of its basic properties as 
results. 


2. PRELIMINARIES: 

Throughout this paper (X, t) and (Y,o) represent non empty topological spaces 
on which no separation axioms are assumed unless otherwise mentioned. For a 
subset A ofa space (X, T), cl(A) and int(A) denote the closure of A and the interior 
ofA respectively. (X, T) will be replaced by X if there is no chance of confusion. 


Let us recall the following definition which we shall require later. 


Definition 2.1: A subset A of (X, T) is called 
1. apre-open set [19] ifA Cint(cl(A)) anda pre-closed set ifcl(int(A))C A 
2. asemi-open set [12] ifACcl(int(A)) anda semi-closed set ifint(cl(A)) CA 


3. ana-open set [7] if AC int(cl(int(A))) and an a-closed set if cl(int(cl(A))) C 
A 


4. a semi-preopen [1] if ACcl(int(cl(A))) and a semi-pre closed set if int 
(cl(int(A)))C A 
5. aregular open set [19] ifA=int(cl(A)) anda regular closed set if A=cl(int(A)) 


Asubset A of (X, T) is called clopen if it is both open and closed in (X, Tt). 


Definition 2.2: A subset A ofa space (X, T) is called 


1. aweakly closed set (briefly, w-closed) [17] if cl(A) C U whenever ACU 
and U is semi open in X. 


2. a generalized closed set (briefly, g-closed)[11] if cl(A) CU whenever 
ACU and U is open in X. 

3. a regular generalized closed set (briefly, rg-closed)[2] if cl(A) C U 
whenever AC U and U is regular open in X. 

4. a generalized regular set [19](briefly, gr-closed) if rcl(A) C U whenever 
ACUand Uis openin X. 

5. ageneralized pre regular closed set (briefly, gpr-closed)[9] if pcl(A) C U 
whenever AC U and Uisregular open in X. 

6. aregular weakly generalized closed set (briefly, rwg-closed)[17] if cl 
(int(A)) C U wheneverAC U and U is regular open in X. 

7. aregular generalized a- closed set (briefly, rga-closed)[23] if acl(A) C U 
whenever AC U and U is regular a-open in X. 

8. a weakly generalized regular a-closed set (briefly, wgra-closed)[10] if 


cl(int(A)) C U whenever A CU and U is regular o-open in X. 


9. apre-generalized regular a-closed set (briefly, pgra-closed)[6] if pcl(A) C 
UwheneverAC U and U is regular a-open in X. 
Definition 2.3: Regular closure(a-closure) of A is defined as the intersection of 


all regular closed sets(a-closed sets) containing A. It is denoted by rcl(A)(resp. 
acl(A)). 


3: rgra-CLOSED SETS 
We introduce the following definition: 
Definition 3.1: A subset A of a space (X,t) is called regular a-open set (briefly, 


ra-open) if there is aregular open set U such that UC AC acl(U). The family of 
all regular a-open sets of (X,t) is denoted by RaO(X). 


Definition 3.2: A subset A of a space (X,1) is called a regular generalized regular 


a-closed set (briefly, rgra-closed) if rcl(A)C U whenever AC U and U is regular 
a-open. We denote the set ofall rgra-closed sets in (X,t) by RGRaC(X). 


Proposition 3.3: Every regular closed set is rgra-closed. 


Proof: Let A be a regular-closed set and ACU and U is regular a-open. Then 


rcl(A)=A. Therefore, rel(A)CU whenever ACU and U is regular a-open. 
Hence A is rgra-closed. 


Remark 3.4: Converse of the above proposition need not be true as in the 
following example. 


Example 3.5: Let X = {a,b,c,d}and t= {0, {a}, {b}, {a,b}, {b,d}, {a,b,d} xX}. Let 
= {c}. Then A is rgra-closed but not regular closed set. 


Proposition 3.6: Every gt-closed set is rgra-closed set. 
Proof: Similar to that of the proposition 3.3. 


Remark 3.7: Converse of the above proposition need not be true as seen in the 
following example. 


Example 3.8:Let X= {a,b,c,d}, t ={ o, {a}, {b}, {a,b}, {b,d}, {a,b,d}, X}. Let A 
={a,b}.ThenA is rgra-closed , but not gr-closed. 


Proposition 3.9: Every rgra-closed set is rg-closed. 


Proof: Let A be a rgra-closed set in X and let ACU, U is regular open. Since A is 
rgra-closed, rcl(A)CU. Since every regular closed set is closed, cl(A)Crel(A). 
That is cl(A)Crcl(A)CU. This implies, cl(A) CU whenever ACU & U is 


regular open. Hence A is rg-closed. 


Remark 3.10: Converse of the above proposition need not be true as seen in the 
following example. 


Example 3.11:Let X= {a,b,c,d}, t={ , {a}, {b}, {a,b}, {bd}, {a,b,d}, X}. LetA= 
{c}.Then A is rg-closed, but not rgra-closed. 


Proposition 3.12: Every rgra-closed set is gpr-closed. 
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Proof: Similar to that the proposition 3.9. 


Remark 3.13: Converse of the above proposition need not be true as in the 
following example. 


Example 3.14: Let X= {a,b,c,d},1={ , {a}, {b}, {a,b}, {b,d}, {a,b,d}, X}. LetA 
={c}.Then A is gpr-closed but not rgra-closed. 


Proposition 3.15: Every rgra-closed set is rwg-closed. 
Proof: Similar to that the proposition 3.9. 


Remark 3.16: Converse of the above proposition need not be true as seen in the 
following example. 


Example3.17: Let X= {a,b,c,d}, t ={ $,{a},{b}, {a,b}, {b,d}, {a,b,d}, X}. Let 
A={c} 


Then A is rwg-closed, but not rgra-closed. 
Proposition 3.18: Every rgra-closed set is rga-closed. 
Proof: Similar to that the proposition 3.9. 


Remark 3.19: Converse of the above proposition need not be true as seen in the 
following example. 


Example 3.20: Let X ={a,b,c,d}, t ={ 6, {b},{c}, {b,c}, {b,c,d}, X}.Let 
A={a}.Then Ais rga-closed but not rgra-closed. 


Proposition 3.21:Every rgra-closed set is wgra-closed. 
Proof: Let A be argra-closed set in X.Thenrel(A)CU whenever ACU and U is 


regular a-open.Since every regular closed set is closed, cl(A)Crcl(A). 


Also, int(A)CA. 
Then cl(int(A)) Ccl(A).So cl(int(A)) Ccl(A)Crel(A)CU. That is cl(int(A)) CU 
whenever AC U and U is regular a-open. Hence A is wgra-closed. 


Remark 3.22: Converse of the above proposition need not be true as seen in the 
following example. 


Example 3.23: Let X ={a,b,c,d}, tT ={ 6, {b},{c},{b,c},{b,c,d}, X}.Let 
A={d}.Then A is wgra-closed but not rgra-closed. 


Proposition 3.24:Every rgra-closed set is pgra-closed. 
Proof: Similar to that the proposition 3.9. 


Remark 3.25: Converse of the above proposition need not be true as seen in the 
following example. 


Example 3.26: Let X ={a,b,c,d}, t ={ 6, {b}, {c}, {b,c}, {b,c,d}, X}.Then A is 
pgra-closed, but not rgra-closed. 


Remark 3.27: The concept of closed set and rgra-closed set are independent of 
one another. 


Example 3.28:Let X ={a,b,c,d}, t={6, {a}, {b}, {a,b}, {b,c}, {a,b,c}, {a,b,d},X}. 
Let A= {a,b}. Then A is rgra-closed but not closed. 


Remark 3.29: a-closed set and rgra-closed set are independent. 


Example 3.30:Let X={a,b,c,d}, t={0, {a}, {b}, {a,b}, {b,c}, {a,b,c}, {a,b,d}, X}. 
LetA= {a,c}. Then Ais rgra-closed, but not a-closed. 


Remark 3.31: w-closed set is independent of rgra-closed set. 


Example 3.32:Let X ={a,b,c,d}, t ={0, {a}, {b}, {a,b}, {b,c}, {a,b,c}, {a,b,d}, 
X}.Let A= {b,d}. Then A is rgra-closed, but not w-closed. 


Remark 3.33: g-closed set is independent of rgra-closed set. 


Example 3.34:Let X ={a,b,c,d},_ 1 ={,{a},{b}, {a,b}, {b,c}, {a,b,c}. {a,b,d}, 
X}. 


LetA={a,b, c }.Then A is rgra-closed, but not g-closed. 
From the above discussions and known results we have the following 


implications. 
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Theorem 3.35: The union of two rgra-closed sets is also rgra-closed set. 


Proof: Assume that A and B are rgra-closed set in X. Let U be regular o-open in 
X such that A U BCU.Then ACU and BCU.Since A and B are rgra-closed, 
rel(A) CU and rcl(B) CU.Hence rcl(AU B)=rcl(A) U rcl(B)CU.That is 
rcl(AU B)CU. Therefore, A U B is also rgra-closed set in X. 


Remark 3.36: The intersection of two rgra-closed sets in X is generally not rgra- 
closed set in X. 


Example 3.37:Let X={a,b,c,d,e} with topology t ={6,{a},{b}, {a,b}, 
{b,c,d}, {a,b,c,d} ,X}.IfA={a,b.e} and B={a,d,e}. Then A and B are rgra-closed 
sets in X, but ANB ={a,e} is not argra-closed set in X. 


Theorem 3.38 :Ifa subset A of X is rgra-closed set in X. Then rel(A)-A does not 
contain any non empty regular a-open set in X. 

Proof: Suppose that A is rgra-closed set in X.We prove the result by 
contradiction .Let U be a regular a-closed set and U Crel(A)-A and U#9. 


Now UCrel(A)-A.Therefore, UCX-A.This implies, AC X-U.Since U is 
regular a-closed set, X-U is regular a-open in X.Since A is rgra-closed set in X, 


by definition we have rel(A) C X-U. So UC X-rel(A).Also UC rel(A). 


Therefore, UCrel(A)N(X-rel(A))= 6. This shows that U= 6 which is a 
contradiction.Hence rcl(A)-A does not contain any non-empty regular a-open 
sets in X. 


Corollary 3.39: If a subset A of X is rgra-closed in X, then rel(A)-A does not 
contain any non empty regular closed set in X, but not conversely. 


Proof: Let F be a regular closed set such that FCrcl(A)-A.Then FCX- 
A.Therefore, AC X-F,X-F is regular open and hence regular a-open. Since A is 
rgra-closed and X-F is regular o-open, then rcl(A)CX-F.That is,F CX- 
rel(A).Hence F Crel(A)M(X-rel(A))= 6. That is F= 9. 


Remark 3.40: If rcl(A)-A contains no non empty regular closed set in X, then A 
need not be rgra-closed set in X. 


Example3.41:Let X={a,b,c,d}, t={0, {a}, {c,d}, {a,c,d} X}. Let A={c,d}.Then 
rel(A)={b,c,d}. rel(A)-A={b} which does not contain any non empty regular 
closed set. Also, Ais not rgra-closed. 


Theorem 3.42: For an element xcX, the set X- {x} is rgra-closed or regular a- 
open. 


Proof: Suppose X- {x} is not a regular a-open set.Then X is the only regular a- 


open set containing X-{x}.This implies, rcl(X-{x})CX. Hence X-{x} is rgra- 
closed set. 


Theorem 3.43: If A is regular open and rgra-closed then A is regular closed and 
hence clopen. 


Proof: Suppose A is regular open and rgra-closed.Since every regular open set is 


regular a-open and AC A,we have rel(A) CA.Also ACrcl(A).Therefore 
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rel(A)=A. Since A is both regular open and regular closed, hence A is clopen. 


Theorem 3.44:IfA is rgra-closed subset of X such that AC BCrel(A), then B is 
rgra-closed set in X. 


Proof:Let A is rgra-closed subset of X such that AC BCrcl(A).Let U be a 
regular a-open set of X such that BC U.Then A CU.Since A is rgra-closed,we 
have rel(A) CU.Now rel(B) Crel(rel(A))=rel(A) CU. That is rcel(B) CU. 


Therefore, B is rgra-closed set in X. 


Theorem 3.45:Let A be a rgra-closed set in X then A is regular closed if and only 
ifrcl(A)-Ais regular a-open. 


Proof: Suppose A is a regular closed in X. Then rcl(A)=A. So rel(A)-A= , which 
is regular a-open set in X. Conversely, Suppose rel(A)-A is a regular a-open set in 
X. Since A is rgra-closed, by theorem 3.38, rcl(A)-A does not contain any non 
empty regular a-open in X. Then rcl(A)-A= o. That is rcl(A)=A. Hence A is 
regular closed set in X. 


Theorem 3.46: If A is regular open and regular closed (that is clopen) in X , then 
Ais rgra-closed set in X. 


Proof: Let A be a regular open and regular closed set in X, that is A is clopen. 
Since every regular closed set is rgra-closed and every regular open set is regular 
a-open, rcl(A)=A CU whenever AC U and U is regular a-open. Hence A is rgra- 


closed set in X. 


Theorem 3.47: Ifa subset A of topological space X is both regular a-open and 
rgra-closed, then it is regular closed. 


Proof: Suppose a subset A of a is a subset of topological space X is both regular 
a-open and rgra-closed. Now ACA and we know that AC rel(A). Then rel(A) 
CA. Hence Ais regular closed. 


Corollary 3.48: Let A be regular a-open and rgra-closed subset in X. Suppose 
that F is regular closed set in X. Then AMF is an rgra-closed set in X. 


Proof: Let A be a regular a-open set and rgra-closed subset in X and F be regular 
closed. By theorem 3.47, A is regular closed. So, ANF is regular closed. Since 
every regular closed set is rgra- closed, ANF is also rgra- closed. Hence AMF is 
rgra-closed set in X. 


Theorem 3.49: If A is both regular a-open and rgra-closed in X, then A is g- 
closed. 


Proof: Let A be a regular a-open and rgra-closed set. Then rel(A) CA.Also 


ACrcl(A). Hence rel(A)=A.This implies, A is regular closed and then closed. 
Hence Ais g-closed. 


Theorem 3.50: Ina topological space X, RaO(X)={X, $},then every subset of X 
is rgra-closed set. 


Proof: Let X be a topological space and RaO(X)={X, }. Let A be any subset of 
X. Suppose A= 6. Then 6 is rgra-closed set in X. Suppose A¥ o. Then X is the only 


regular a-open set containing A. So, rcel(A) CX. Hence A is rgra-closed set in X. 


Remark 3.51: The converse of the theorem need not be true. 


Example 3.52: Let X={a,b,c,d}, t={ o, {a,b}, {c,d}, X}. Then every subset of 
(X, T) is rgra-closed set in X. But Rao (X, t) ={ 6, {a,b}, {c,d}, X}. 


4.rgra-OPEN SETS: 

In this section, we introduce and study rgra-open sets in topological spaces and 
obtain some of their properties. 

Definition 4.1: A subset A of (X,t) is called regular generalized regular a- 
open(briefly, rgra-open) in X if A‘is rgra-closed in X. We denote the family of all 
rgra-open sets in (X,t) by RGRaO(X). 


Proposition 4.2: Every regular open set is rgra-open set, but not conversely. 


Proof: Let A be a regular open set in X. Then A* is regular closed set. By 
proposition 3.3, A‘ is rgra-closed set. Therefore A is rgra-open set in X. 


Example 4.3: Let X={a,b,c,d}, t={ , {c}, {a,c}, {c,d}, {a,c,d}, {b,c,d},X}.LetA 
={d}.ThenA is rgra-open but not regular open. 


Proposition 4.4: Ifa subset A of a space X is gr-open then it is rgra-open, but not 
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conversely. 


Proof: Let A be a gr-open set in space X.Then A‘ is gr-closed set. By proposition 
3.6, A‘ is rgra-closed set as every gr-closed set is rgra-closed. Therefore A is rgra- 
open. 


Example 4.5: Let X={a,b,c,d}, t={ , {c}, {a,c}, {c,d}, {a,c,d}, {b,c,d},X}. LetA 
= {c}.ThenA is rgra-open, but not gr-open. 


Proposition 4.6: Ifa subset A ofa space X is rgra-open, then it is rg-open set in X, 
but not conversely. 


Proof: Let A be rgra-open set in space X. Then A° is rgra-closed set in X. By 
proposition 3.9, A‘ is rg-closed set in X. Therefore , A is rg-open set in X. 


Example 4.7: Let X={a,b,c,d}, t={ ,{c},{d}, {ad}, {c,d}, {a,c,d}, {b,c,d} ,X}. 
Let A={a,b,d}. Then rg-open but not rgra-open. 


Proposition 4.8: If a subset A of a space X is rgra-open, then it is gpr-open set in 
X, but not conversely. 


Proof: Let A be rgra-open set in X.Then A° is rgra-closed set in X.By 
proposition 3.12 ,A“is gpr-closed set in X.A is gpr-open set in X. 


Example 4.9: Let X={a,b,c,d}, t={ o,{c}, {d}, {a,d}, {c,d}, {a,c,d}, {b,c,d},X}. 
Let A={a,b,d}. Then A is gpr -open, but not rgra-open. 


Proposition 4.10: Ifa subset A of a space X is rgra-open, then it is rwg-open set 
in X, but not conversely. 


Proof: Let A be rgra-open set in X. Then A‘ is rgra-closed set in X. By 
proposition 2.15 , A° is rwg-closed set in X.A is rwg-open set in X. 


Example 4.11: Let X={a,b,c,d}, t={ 
$,{c},{d},{a,d}, {c,d}, {a,c,d}, {b,c,d},X}.Let A={a,b,d}. Then A is rwg-open, 
but not rgra-open. 


Proposition 4.12: Ifa subset A ofa space X is rgra-open, then it is rga-open set in 
X, but not conversely. 


Proof: Let A be rgra-open set in X. Then A‘ is rgra-closed set in X. By 
proposition 3.18, A‘ is rga-closed set in X. Therefore A is rga-open set in X. 


Example 4.13:Let X={a,b,c,d}, t={ 0, {a}, {a,d}, {a,b,d}, {a,c,d},X}. Let 
A={a,b,c}. Then A is rga. -open, but not rgra-open. 


Proposition 4.14: Ifa subset A ofa space X is rgra-open, then it is wgra-open set 
in X, but not conversely. 


Proof: Let A be rgra-open set in X. Then A‘ is rgra-closed set in X. By 
proposition 3.21, A‘ is wgra-closed set in X. Therefore A is wgra-open set in X. 


Example 4.15: Let X={a,b,c,d}, t={ ,{a},{a,d}, {a,b,d}, {a,c,d},X}.Let 
A={b,c,d}. Then A is wgra -open, but not rgra-open. 


Proposition 4.16: If a subset A of a space X is rgra-open, then it is pgra-open set 
in X, but not conversely. 


Proof: Let A be rgra-open set in X.Then A‘ is rgra-closed set in X.By 
proposition 3.24, A‘ is pgra-closed set in X.Therefore A is pgra-open set in X. 


Example 4.17:Let X={a,b,c,d}, tT={ 6, {a}, {a,d}, {a,b,d}, {a,c,d},X}. Let 
A={a,b,c}.Then A is pgra -open, but not rgra-open. 


Theorem 4.18: Ifa subset A and B are rgra-open sets in a space X, then ANB is 
also rgra-open set in X. 


Proof: If A and B are rgra-open sets in space X. Then A‘and B* are rgra-closed 
sets in a space X. By theorem 3.35, A‘ U B’ is also rgra-closed set in X.(ANB)° = 


A‘U_ Bvie; (ANB) isargra-closed set in X. Therefore, ANB is rgra-open set in 
X. 


Remark 4.19: The union of two rgra-open sets in X is generally not an rgra-open 
setin X. 


Example 4.20: Let X={a,b,c,d,e} and t ={d,{e}, {a.e}, {c,d,e}, {a,c,d,e}, 
{b,c,d,e}, X}. 


If A= {c,d} and B={b,c}. Then A and B are rgra-open sets in X, but AUB = 
{b,c,d} is not argra-open set in X. 


Theorem 4.21: If a set A is rgra-open in a space X, then G=X, whenever G is 
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regular a-open and int(A) U A°CG. 


Proof: Suppose that A is rgra-open in X. Let G be regular a-open and int(A) U 
A‘CG This implies G°C (int(A) U A‘) (int(A))"NA ie; G'C (int(A))° - A®. Since 
(int(A)) =cl(A‘). Thus G*Ccl(A*)-A*. Now G is also becomes regular a-open set, 
since A‘ is rgra-closed. We know thatA Ccl(A). [cl(A)] CA’, [cl (A)]}'-A‘C 6. 
G'=$ and hence G=X. 


Theorem 4.22: Every singleton point set in a space is either rgra-open or ra- 
open. 


Proof: Let X be a topological space.Let xeX. To prove {x} is either rgra-open or 
ra-open, it is enough to prove X- {x} is either rgra-closed or ra-open. Suppose X- 
{x} is not a regular -open set.Then X is the only regular a-open set containing 


X-{x}.This implies, rcl(X-{x})CX. Hence X-{x} is rgra-closed set. 
Therefore, {x} is rgra-open. 


Theorem 4.23:A CX is rgra-open if FC rint(A), whenever F is regular o-closed 
andFCA. 


Proof: Let A be rgra-open.Let F be regular closed and FC A.Then X-ACX-F, 
where X-F is regular a-open.Since A is rgra-open implies rcl(X-A) CX-F. This 
implies X-rint(A)C X-F.Hence FCrint A.Conversely:Suppose F is regular a- 
closed & FCA. Let X-AC U,where U is regular a-open. Then X-ACU & X- Uis 
regular a-closed. By hypothesis, X-U Crint(A). 


ie, X-rint(A)CU.This implies rcl(X-A) CU. Then X-A is rgra-closed. Hence A 
is rgra-open. 


Theorem 4.24: Ifrint(A)C BC A & Ais rgr-open then B is rgra-open. 


Proof: rint(A)C BCA implies (X-A)C(X-B) C (X-rint(A)).ie; (X-A) C(X-B) 


Crel(X-A).Since (X-A) is rgra-closed, by theorem 3.44, (X-B) is rgra-closed. 
So B is rgra-open. 


Corollary 4.25: For any AC X,rint(rel(A)-A)= 6 
Theorem 4.26: IfA CX is rgra-closed then rcl(A)-A is rgra-open. 


Proof: Let A be rgra-closed.Let F be a regular a-closed set and FCrel(A)-A. 
By theorem 3.38, F=.So F Crint(rcl(A)-A).This shows rel(A)-A is rgra-open. 


Definition 4.27: A space (X, Tt) is called rgra-T,,, space if every rgra-closed set is 
regular closed. 


Theorem 4.28: Fora space (X, t) the following are equivalent. 
(1) X is rgra-T,,, space. 
(2) Every singleton is either regular closed or regular open. 
Proof: Suppose {x} is not a regular o-closed subset for some xeX.Then X-{x} is 


notregular a-open. Hence X is the only regular a-open set containing X- {x}.This 


implies rel(X-{x})C X- {x}. Therefore X- {x} is rgra-closed. Since (X, T) is rgra- 
T,,., X-{x} is regular closed. Then {x} is regular open. Hence (1) implies (2).Let 
Abeargra-closed subset of (X, t) and xercl(A). We will show that xcA. 


If {x} is regular a-closed and x#A, then {x}e(rel(A)-A). Thus (rel(A)-A) 
contains a non empty regular a-closed, which is a contradiction to theorem 3.38. 
So xeA. 


If {x} is regular open since xercl(A) then for every regular-open set U contains x. 
We have UNA= 9. But {x} is regular-open then{x} NA#. Hence xeA. 


So in both cases, we have xcA. Therefore A is regular-closed set.Hence (2) 
implies(1). 
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